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Sharing your scrap paper: The role of visual communication in
mathematics learning
Abstract
Pictures of students’ solutions for mathematics problems are a useful way to analyze
students’ learning process for researchers. Similarly, this paper used such pictures for
students themselves to analyze each other’s thinking process as a heuristic teaching
method. A project called “Sharing Your Scrap Paper” was conducted for students to
take pictures of their homework scrap paper with their cell-phone, and share these
pictures in a piece of online chat cell-phone software. The role of such kind of visual
communication was examined in three high school Advanced Placement (AP)
statistics classes for learning permutation and combination. 80 students were
randomly assigned to either an experimental group with visual communication or a
control group with traditional learning. After a week of simultaneous learning in two
lectures with the same homework assignment, students took post-tests assessing
their learning achievement. Students in the visual communication group exhibited
significantly greater gains than the control group in algebra achievement of
permutation and combination, including the aspects of analysis, computation, and
generalization. The implications of this design and its favorable effects for pedagogy
and Computer-Supported Collaborative Learning (CSCL) were discussed.

Introduction
Many high school students reach for assistance of teachers, tutors and classmates when
they can not solve mathematics problems in their homework. Referring textbooks, searching
on the internet, and accessing technological tools are other options. However, through these
activities students may end up getting or understanding the answer to the problem instead of
deriving it in a heuristic way. What is more, students tend to stop thinking about other
solutions after they already get one way of solution. Thus, result of the students’ mathematics
learning is unsatisfactory. Two means in prior research are particularly suitable for this aporia:
improvement of teaching or tutoring (Chi, 1996) and designing Computer-Supported
Collaborative Learning(CSCL) (Zurita & Nussbaum, 2004). Addressing the failure of
teaching, scholars considered factors related to both teaching and relationship(Winheller,
Hattie, & Brown, 2013). Many studies have been done to improve teacher’s knowledge such
as Mathematical Knowledge for Teacher (Ball & Forzani, 2010; Hill, Rowan, & Ball, 2005),
as well as to improve the interaction pattern between teachers/tutors and students(Chi, Siler,
& Jeong, 2004; Huang, Normandia, & Greer, 2005; Pettigrew et al., 2013). Some studies
(Mercer & Sams, 2006; Thomas, 2007) have indicated that language usage is key issue in this
kind of communication. Since learning is an integrated process linking to the whole
community and environment (Vygotsky, 1978), Linn proposes the theory and design of
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Knowledge Integration Environment (Bell, Davis, & Linn, 1995), most of which are related to
Web-based Inquiry Science Environment (WISE) (Linn, Clark, & Slotta, 2003) and
Computer-Supported collaborative Learning (CSCL), studying how people can learn together
with the help of computers. Computers avoid tutors’ limitations; for example, private tutoring
often serves high-achieving students for enrichment, which may erode the idea of equal
educational opportunities as envisioned by public schooling(Lee, 2007).
However, the ability to effectively combine computer support and collaborative
learning to enhance learning remains a challenge(Stahl, Koschmann, & Suthers, 2006). One
the one hand, computers are hard to reach the complexity of human’s awareness and cognitive
process (Janssen & Bodemer, 2013). One the other hand, computers can easily reduce
learners’ chance of self exploring (Schworm & Renkl, 2006). Because of these difficulties,
computers serving as a communication tool outperform as a constructive tool(Grudin, 1994;
Kirschner & Erkens, 2013) Although recent engineers are developing intelligent tutoring
system (Bergeron, 2013; Hahn, Fairchild, & Dowis, 2013), clear and feasible suggestions are
still highly needed.
Under the framework of CSCL, this study proposed a new way of assistance for high
school students’ mathematics learning by conducting visual communication among them.
Visual communication relies on vision, and is primarily presented or expressed with two
dimensional images including signs, typography, drawing, graphic design, and illustration, to
explore the idea and to inform and educate a person(Smith, 2005). In this study, visual
communication was accomplished by students’ online sharing of each other’s scrap paper
used for doing homework. Students usually use clipboards and scrap paper as tools for
homework. By showing pictures of
students’ calculation jotting or criteria made for
algebraic problems(Izsák, 2003) , a teaching process could be performed as theories like
knowledge in pieces perspective(Izsak, 2005) (diSessa, 1993) , knowledge learning transfer
(Wagner, 2010) and meta-representation (Mewborn, 2000)indicate.
One advantage of this method is that peer interaction avoids the potential deficiency of
teachers’ or tutors’ pedagogy. Another advantage is that it averts computers’ limitation in
human cognitive process by applying interaction between humans rather than between
humans and machines. The last advantage is that by referring to various peers’ work rather
than one “best” answer from textbook or teacher, students are stimulated to reason alternative
solutions for homework. Although King did similar research of peer tutoring (King, 1997),
this study improved its one-to-one tutoring model by getting a group of peers involved to
share. Furthermore, the learning context of this study was picture sharing on a group weblog,
providing limited opportunities of vocal or other communication, which encourages students’
self explanation.

Methods
The mathematics topic in this study was Permutation and Combination in Algebra II
for the probability part of Advanced Placement (AP) statistics test, which is taught to students
in their last year of high school in China (approximately in the 12th grade level in American
education system). The visual communication was applied in online chat cell-phone software,
which serves as a weblog like ”facebook” website, for student to take pictures of their scrap
paper of problem reasoning on hand and share the picture with other students conveniently.
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Experimental group and control group were randomly selected among 80 students in three
classes with the same textbook and the same homework list but with three different instructors.
Students in each class had random chance to be selected in the experimental group and the
communication was based on online pseudonym. After 2 lectures learning in one week, both
groups took a written test about Permutation and Combination to find out if there were
differences when students knew other students’ activity on problem solving strategy.
Permutation and Combination Teaching in Algebra II
The textbooks of this experiment are the Advanced Algebra II book series by Denny Felder
2009: Advanced Algebra II: Homework and Activities(Felder, 2009b). Advanced Algebra II:
Conceptual Explanations(Felder, 2009a), and Advanced Algebra II: Teacher's Guide(Felder,
2009c). As the main text of Advanced Algebra II, the Homework and Activities is intended to
be used in class as group activities and homework assignments. Conceptual Explanations
serves for students to read on their own to refresh or clarify what they learned in class. Instead
of an answer key book, Teacher’s Guide is a day-by-day guide to help the teacher understand
how the author envisions the materials. Teachers of the three classes were free to refer to
other books in order to match their lecture with their teaching style and the Advanced
Placement (AP) statistics exam. In this study, homework assignment questions were also from
books used in Graduate Management Admission Test (GMAT) ((GMAC), 2009; Qia, 2000).
Teachers referred to Felder’s book about the lesson plans, explanations of all the
concepts, in-class assignments and the homework in the 14th chapter—Probability and teach
14.6 Permutations and 14.7 Permutations and Combinations in 2 lectures in one week.
Teaching of the first lecture included giving the concepts and formula of Permutation and
Combination by asking question, enumerating list, and calculating possibility using prior
knowledge like tree diagrams and the multiplication rule. Students did in-class assignment too.
The second lecture meanly focused on solving trickier Permutations and Combinations
problems in class led by the teacher and doing in-class assignment.
One scenario in the first lecture could be:
How many different three-digit numbers can we make using only the digits 1, 2, 3
and 4 without repetition?.
Here they are, listed very systematically. (If possible, project this table onto a screen
where everyone can see it and look at it for a moment, to see the pattern and how it
is generated.)
Table 1. Instruction sample of Permutation in the class
First Digit

Second Digit
2

1

3
4
1

2

3
4

Third Digit
3
4
2
4
2
3
3
4
1
4
1
3

Resulting Number
123
124
132
134
142
143
213
214
231
234
241
243
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1
3

2
4
1

4

2
3

2
4
1
4
2
1
3
2
1
3
1
2

312
314
321
324
342
341
413
412
421
423
431
432

The answer is 24.
This way is effective, and not particularly difficult...but tedious. How could we have
answered without the table? Well, of course, it's the rule of multiplication again. There 4
possibilities for the first digit. For each of these, there are 3 possibilities for the second
digit; and for each of these, 2 possibilities for the third digit.
4×3×2 = 24.
Definition of factorials:
•The product of the first n consecutive integers is denoted by “n!” and is
read as “factorial n”.
• That is n! = 1×2×3×4×…. × (n-1) ×n.
For example:
• 4! =1×2×3×4=24,
Definition of permutation
A permutation is an arrangement of objects. abc and bca are two different permutations.
The number of permutations of r objects, taken from n unlike objects, each of which can
only be used once in each permutation
=n(n-1)(n-2) .... (n-r + 1). A notation for this is:

Prn =

n!
(n − r )!

Homework examples for the first lecture are below. The whole homework lists are given
in the appendix. During a week, same 20 questions of homework were assigned by teachers,
using the questions from Felder’s textbook and from books in Graduate Management
Admission Test (GMAT) ((GMAC), 2009; Qia, 2000).
E.g. the school math club is going to elect a President, a Vice President, a Secretary,
and a Treasurer.
How many possible officer lists can be drawn up if...
a. There are only four people in the math club?
b. There are twenty people in the math club?

Sharing Scrap Paper Online as Visual Communication
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The visual communication was applied in a piece of smart cell-phone software, which
serves as a weblog like ”Facebook” or a “MSN” group, for student to take pictures of their
scrap papers of problem reasoning on hand and share the picture with other students
conveniently. The software chosen was called Weixin, which was already served as almost the
most often used online communication software for the students in China. However, Weixin
was usually used for voice-recording and text inputting methods to chat instead of visual
communication, and it often gathered people in a small personalized group with friends or
family members. In this study, a big group was set up for the students in the experimental
group. Instead of online chatting, students were encouraged to share only pictures of their
scrap paper in this Weixin group and marked the number of the question if necessary. The
goal of this study was to build an assistant method of heuristic learning, so the students were
not encouraged to share the final answers for the homework questions. What is more, in order
to avoid distracting the research goal from visual communication to daily interaction, students
must use pseudonym in Weixin; face photos and personal information about their identity
were not permitted too. Teachers were invited to ensure the implement of the experiment.
A picture of the device is shown in Figure 1:

Figure 1. Cell-phone visual communication on Weixin
In the week, 465 messages were gathered, including 388 pictures, 10 voice recording
messages and 67 text messages. Various calculation jottings were shown in Weixin, and some
of the students’ scrap papers for homework are worth to analyze:

Figure 2. Sample of students’ scrap paper using formula method
5/15
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Through the scrap paper in Figure 2, students were expected to refer different formular
usage in the lecture.

Figure 3. Sample of students’ scrap paper using drawings
Through the scrap paper in Figure 3, students are supposed to remind previous
knowledge about tree diagrams.

Figure 4. Sample of students’ scrap paper using blank filling strategy
Figure 4 demonstrate that students use graph and multiplication rule.
Leaning Outcome Measures
The learning outcome of the 80 students was assessed in a written mathematics test in
whole class settings. The test included three sub-tests to evaluate students’ ability of analysis,
computation and generalization. There were 3 questions in each of the subtest. All of the
questions were from books used for Graduate Management Admission Test (GMAT)
((GMAC), 2009; Qia, 2000).
Analysis subtest was aimed to test students’ ability of solving a word problem by
mathematical formulas or symbols using the knowledge in the Permutation and Combination
class. Questions include:
Question 1.

The president of a country and 4 other dignitaries are scheduled to sit in a row on the 5 chairs
represented above. If the president must sit in the center chair, how many different seating
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arrangements are possible for the 5 people?

Question 2: Ben and Ann are among 7 contestants from which 4 semifinalists are to be
selected. Of the different possible selections, how many contain neither Ben nor Ann?

Question 3: Of the 50 researchers in a workgroup, 40 percent will be assigned to Team A and
the remaining 60 percent to Team B. However, 70 percent of the researchers prefer Team A
and 30 percent prefer Team B. What is the lowest possible number of researchers who will
NOT be assigned to the team they prefer?

Computation subtest focus on students’ ability of simplifying, operating and computing
numbers and formulas, as well as the ability of enumerating. The 3 questions include:
Question 4: Erica has $460 in 5-and 10-dollar bills only. If she has fewer 10-than 5-dollar bills,
what is the least possible number of 5-dollar bills she could have?

Question 5:
CREATE YOUR OWN SUNDAE
12 Ice Cream Flavors
10 Kinds of Candies
8 Liquid Toppings
5 Kinds of Nuts
With or Without Whipped Cream
If a customer makes exactly one selection from each of the five categories shown in the table
above, what is the greatest possible number of different ice cream sundaes that a customer
can create?

Question 6: The integers between 1 and 100, inclusive, are put in list A if they are
divisible by 2 and in list B if they are divisible by 3. How many integers in list A are not
in list B?
Generalization subtest examines students’ ability of generating what they have learnt in the
class into application in a trickier situation, like generating to the concept of probability, the
combination of geometry etc. The items include:
Question 7: Three red marbles and 3 white marbles are placed in an empty box. One marble at
a time is to be selected randomly and removed from the box until all 5 marbles have been
removed. What is the probability that each of the first 3 marbles removed will be Red?

Question 8:
Coins are to be put into 7 pockets so that each pocket contains at least one coin. At most 3 of
the pockets are to contain the same number of coins, and no two of the remaining pockets are
to contain an equal number of coins. What is the least possible number of coins needed for the
pockets?

Question 9:
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Pat will walk from intersection X to intersection Y along a route that is confined to the square
grid of four streets and three avenues shown in the map above. How many routes from X to Y
can Pat take that have the minimum possible length?

The summary of the questions in the test is shown in Table 2. Generally specking, the test had
high internal consistency.
Table 2
Summary of subtests on the students’ post learning assessment test
Subtests
items
Cronbach’s alpha

Analysis

Computation

Generalization

3

3

3

0.61

0.92

0.81

Note. Maximum sore=1 for each item with giving the correct answer and otherwise=0.

Findings
A two-tailed, independent-sample t test was used to compare the students’ learning
outcome reflected in the written mathematics test across the 9 problems (maximum score=9).
It was found that significantly more scores were generated by visual communication process
to the experimental group students (M=7.32, SD=6.01) compared with the control group
students (M=6.01, SD=0.44), t (78)=11.63, p<.001, and the effect size was 0.79.
Table 3
Students’ understanding of Permutation and Combination
Experimental Group
Control Group
n
40
40
M
7.32**
6.01
SD
0.56
0.44
** Two-tailed t test significant at .001 level.

Discussion
For one week, 80 students of 12th grade from 3 AP statistics classes engaged in an
experiment using visual commutation technology for studying Permutation and Combination.
The visual communication was in the form of students’ sharing of scrap paper for their
homework. In order to eliminate the effect of verbal or face to face communication, the
experiment was conducted through a piece of cell-phone weblog chat software where students
8/15
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were not encouraged to talk, to text or to show any personal information.. Students could
conveniently use their cell-phone to take pictures of their scrap paper, upload the picture, and
browse other students’ picture. After one week of experiment, experimental group with visual
communication outperformed significantly.
The reason for the positive outcome probably lies on encouraging students to refer
alternative solving strategies and to learn in a heuristic way. It is still possible that students in
the experimental group were more incentive to start doing homework when knowing other
students’ progress. Compared with previous studies, this design addresses peer interaction
which avoids the potential deficiency of teachers’ or tutors’ pedagogy. In addition, it
outperforms teaching software by averting computers’ limitation in human cognitive process.
Moreover, by referring to various peers’ work rather than one “best” answer from textbook or
teacher, students were stimulated to reason alternative solutions for homework. This study
improves one-to-one tutoring model by getting a group of peers involved to share. Such
settings are inspiring for the design of Pedagogy and Computer-Supported Collaborative
Learning (CSCL). Finally, the materials collected in the software have instructional
significance for analysis about pedagogy. Through investigating and describing what is
construed as the possible geneses of reasoning in students, and through developing and
investigating ways to enhance that reasoning through innovative instruction, applications of
appropriate technology and professional development for teachers are expected.

Future Thoughts
For the future design of this study, an intentional manipulation can be added by two
means: to display teachers’ or researchers’ solution as a heuristic way of teaching, or to
artifically speed up students’ progress by adding old pictures, in order to observe the
experimental group’s reaction. However, the internet based tool can be a double-edged sword
as both intriguing learning interest and distracting from school study (Pea, 2006), and there is
patent to solve this problem by regulating the information transmitted by students and adding
teachers’ supervisor (Charles Patton, 2012). There are many specific design challenges of how
to initiate the co-design process together with teachers, open inquiry-based learning scientists,
designers, and developers in order to devise and develop mobile science co-laboratories
support in education (Daniel Spikol, 2009). Students’ well-being of media use and online
communication also entails complex issues (Roy Pea & Aneesh Simha, 2012) .

Appendix
20 homework questions are shown below.
Homework for the first lecture:
Question 1:

9/15
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In the game of “Solitaire” (also known as “Patience” or “Klondike”), seven cards
are dealt out at the beginning, as shown to the left: one face-up, and the other
six face-down. (A bunch of other cards are dealt out too, but let’s ignore that
right now.)A complete card deck has 52 cards. Assuming that all you know is
the 7 of spades showing, how many possible “hands” (the other six cards)
could be showing underneath? What makes this a “permutations” problem is
that order matters: if an ace is hiding somewhere in those six cards, it makes a
big difference if the ace is on the first position, the second, etc. Permutations
problems can always be addressed as an example of the multiplication rule,
with one small twist.

How many cards might be in the first position, directly under the showing 7?
For any given card in first position, how many cards might be in second position?
So how many possibilities are there for the first two positions combined?

Question 2
The Film Club has four DVDs: Superman®, Batman®, The Incredibles®, and X-Men®. They
are going to show two movies back-to-back for their Superhero End-of-School Blowout.
a. List all possible pairings. To keep it short, use letters to represent the movies: for instance,
BX means Batman followed by X-Men. (XB is a different pairing, and should be listed
separately.) BB, of course, means they will show Batman twice! Try to list them in a systematic
way, to make sure you don't miss any.
b. How many pairings did you list?
c. Now, list all possible pairings that do not show the same movie twice. Once again, try to list
them in a systematic way, to make sure you don't miss any.
d. How many pairings did you list?

Question 3: A new reality show, Famous American Rock Band, is going to choose lucky
audience members to form a new Famous American Rock Band. There are 200 people in the
audience.
a. First, the Lead Singer is chosen, and comes up onto the stage. How many possible choices
are there?
b. Next, from the remaining audience members, a Lead Guitarist is chosen. How many
possible choices are there?
c. Next, from the remaining audience members, a Rhythm Guitarist is chosen. How many
possible choices are there?
d. Next, from the remaining audience members, a Bass Guitarist is chosen. How many
possible choices are there?
e. Next, from the remaining audience members, a Pianist is chosen. How many possible
choices are there?
f. Finally, from the remaining audience members, a Drummer is chosen. How many possible
choices are there?
g. Multiply your answers in parts (a) (f) to nd the number of possible Rock Bands that could
be created?
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h. How could this calculation be expressed more compactly, with factorials?

Question 4: The school math club is going to elect a President, a Vice President, a Secretary,
and a Treasurer.
How many possible officer lists can be drawn up if...
a. There are only four people in the math club?
b. There are twenty people in the math club?

Question 5: A license plate consists of exactly eight characters. Assume that each character
must be an uppercase letter, or a numerical digit.
a. How many possible license plates are there?
b. Now assume that you are also allowed to have blank spaces, which count as part of your
eight letters. How many possible license plates are there?

Question 6: According to Robert de Boron's version of the story, King Arthur's Round Table
was large enough to accommodate 50 chairs. One chair was always left empty, for the knight
who would fulfill the Grail Quest. So, if 49 knights approach the table one day, how many
di_erent ways can they seat themselves?

Question 7: The comedy troupe Monty Python had six members: John Cleese, Eric Idle,
Graham Chapman, Michael Palin, Terry Gilliam, and Terry Jones. Suppose that on the way to
filming an episode of their Flying Circus television show, they were forced to split up into two
cars: four of them could fit in the Volkswagen, and two rode together on a motorcycle. How
many different ways could they split up? List all possible pairs that might go on the motorcycle.
(Note that “ Cleese-Idle” and “Idle-Cleese” are the same pair: it should be listed once, not
twice.)

Question 8: A Boston Market® Side Item Sampler® allows you to choose any three of their
fifteen side items. How many possible Side Item Samplers can you make?
a. To answer this combinations question, begin with a related permutations question. Suppose
you had three plates labeled Plate 1, Plate 2, and Plate 3, and you were going to put a different
side item in each plate.
i. How many items could you put in Plate 1?
ii. For each such choice, how many items could you put in Plate 2?
iii. For each such choice, how many items could you put in Plate 3?
iv. So, how many Plate 1, Plate 2, Plate 3 permutations could you create?
b. The reason you haven't answered the original question yet is that, in a real Side Item
Sampler, the plates are not numbered. For instance, “Sweet Corn-Mashed Potatoes-Creamed
Spinach” is the same meal as “Creamed Spinach-Mashed Potatoes-Sweet Corn.” So...in the
space below, list all the possible arrangements of just these three side items.
c. How many possible arrangements did you list? (In other words, how many times did we
originally count every possible meal?)

Question 9: The United States Senate has 100 members (2 from each state). Suppose the
Senate is divided evenly: 50 Republicans, and 50 Democrats.
a. How many possible 3-man committees can the Republicans make?
b. Express your answer to part (a) in terms of factorials.
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c. How many possible 47-man committees can the Republicans make?
d. How many 10-man committees can the Democrats make?
e. How many committees can be formed that include 5 Democrats and 5 Republicans?

Question 10: Invent, and solve, your own permutations problem. It should be a scenario that is
quite different from all the scenarios listed above, but it should logically lead to the same
method of solving.

Homework for the second lecture:
Question 11: In a series of races, 10 toy cars are raced: 2 cars at a time. If each car must race
each of the other cars exactly twice, how many races must be held?

Question 12: An identification code read from left to right consists of 2 digits, a dash, 3 digits, a
dash, and then 4 digits. Each digit can be any number from 0 through 9. Determine the number
of different identification codes possible.

Question 13: A candy assortment consists of seven flavors of chocolate-covered creams
packed in two layered boxes with 27 creams in each layer. The flavors are always packed in
rows so that the flavor varies with each piece in the following order: vanilla, orange, cherry,
vanilla raspberry, lime, pecan, cherry, lemon. How many chocolate-covered vanilla creams are
needed to pack 200 boxes of the assortment?

Question 14: A gardener wishes to plant 5 bushes in a straight row. Each bush has flowers of a
different solid color (white, yellow, pink, red and purple). How many ways can the bushes be
arranged so that the middle bush is the on with red flowers?

Question 15: What is the total number of different 5 digit numbers that contain all of the digits 2,
3, 4, 7, and 9 and in which none of the odd digits occur next to each other?

Question 16: A certain jar contains 100 jelly beans: 50 white, 30 green, 10 yellow, 5 red, 4
purple, and 1 black. If a jelly bean is to be chosen at random, what is the probability that the
jelly bean will be neither purple nor red？

Question 17: If all of the telephone extensions in a certain company must be even numbers,
and if each of the extensions uses all four of the digits 1, 2, 3, and 6, what is the greatest
number of four-digit extensions that the company can have?

Question 18: In how many arrangements can a teacher seat 3 girls and 3 boys in a row of 6
seats if the boys are to have the first, third, and fifth seats?

Question 19: A company that ships boxes to a total of 12 distribution centers uses color coding
to identify each center. If either a single color or a pair of two different colors is chosen to
represent each center and if each center is uniquely represented by that choice of one or two
colors, what is the minimum number of colors needed for the coding? (Assume that the order
of the colors in a pair does not matter.)

Question 20: Three stacks containing equal numbers of chips are to be made from 9 red chips,
7 blue chips, and 5 green chips. If all of these chips are used and each stack contains at least
12/15
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1 chip of each color, what is the maximum number of red chips in any one stack?

Answers to the written test are shown below:
Question 1: 24
Question 2: 5
Question 3: 15
Question 4: 32
Question 5: 9,600
Question 6: 34
Question 7: 1/10
Question 8: 17
Question 9: 10
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